A THIRD-ORDER DISPERSIVE FLOW 
FOR CLOSED CURVES INTO KAHLER MANIFOLDS 
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Abstract. This paper is devoted to studying the initial value problem for a third-order dis- 
persive equation for closed curves into Kahler manifolds. This equation is a geometric gener- 
alization of a two-sphere valued system modeling the motion of vortex filament. We prove the 
local existence theorem by using geometric analysis and classical energy method. 

1. Introduction 

In this paper we study the initial value problem of a third-order dispersive flow describing 
the motion of closed curves on Kahler manifolds. Let (A^, J, g) be a Kahler manifold with an 
almost complex structure J and a Kahler metric g, and let V be the Levi-Civita connection 
with respect to g. Consider the initial value problem of the form 

ut = aVlu^ + JuVxUx + hgu{u^,u^)u^ in M x T, (1.1) 
m(0, x) = uo(a;) in T, (1.2) 

where a, 6 G M are constants, u = u{t, x) is an A^-valued unknown function of {t, x) G M x T, 
T = M/Z, ut{t,x) = du(^t,x) i9/dt)^^^y Ux{t,x) = dui^t,x) (S/Sa;)^^ ^.-j, is the differential of 
the mapping u, V x is the covariant derivative on u~^TN induced from V with respect to x, 
and Ju and g^ mean the almost complex structure and the metric at ueN respectively. Here 
u~^TN = [Jj^^ x)mx'f Tu(t,x)N is the pull-back bundle over M x T from TN via the mapping 
u. V is said to be a section of u~^TN over T x M if V{t, x) G T^(t,x)N for all (t, x) G M x T. 
Ju and gu are a (l,l)-tensor field and a (0,2)-tensor field along u respectively, and the equation 
(1.1) is an equality of sections of u^^TN . We call the solution of (1.1) a dispersive flow in this 
paper. In particular, when a = 5 = 0, the solutions are called one-dimensional Schrodinger 
maps. 

Examples of (1.1) arise in classical mechanics related to vortex filament, ferromagnetic spin 
chain system and etc. For u = (ui, U2, u^) G M.^ and v = (f i, V2, fs) G M'^, let 



U ■ V = UiVi + U2V2 + u^Vs, \u\ = Vu ■ u, 
UX V = {U2V3 - U3V2, U^Vi - U1V3, U1V2 - U2V1). 

Let §2 be the two-sphere in that is, = {m G | \u\ = 1}. In 1906, Da Rios formulated 
the equation modeling the motion of vortex filament of the form 

Ut = UX Uxx, (1.3) 

where u(t,x) is §^ -valued. See his celebrated paper [2], and other references [7] and [10] 
for instance. The physical model (1.3) is an example of the equation of the one-dimensional 
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Schrodinger map. Our equation (1.1) in the setting b = a/2 geometrically generalizes an 
-valued physical model 



Ut = u X + a 



'U'xxx + 2^^^ X (m X Ux)}x 



(1.4) 



proposed by Fukumoto and Miyazaki in [5]. 

Here we state the known results on the mathematical analysis of the IVP (1.1)-(1.2). In case 
a = b = 0, there are many studies on the existence theorem for (1.1)-(1.2). See [1], [3] [8], 
[11], [12], [13], [16], [18] and references therein. In [18] Sulem, Sulem and Bardos treated the 
higher dimensional ferromagnetic spin system of the form 

Ut — u X A-K.mU, (1-5) 

where u{t, x) is the -valued function of (t, x) e R x R"*, A^m is the Euclid Laplacian on 
R"*. They proved global existence of smooth solution with small initial data, whereas they also 
proved that the problem admits the time-global solution with large data only if m = 1. In [8] 
Koiso proved the local existence theorem of the IVP for the one-dimensional Schrodinger map 
for closed curves into Kahler manifolds of the form 

Ut = J'uS/xUx (1.6) 

in if'^"'"^(T; N) for any integer m ^ 2. Furthermore, he proved that the problem admits time- 
global solution if A?^ is a locally hermitian symmetric space. Recently, higher dimensional 
Schrodinger map into Kahler manifolds has been studied. This equation is not only the higher 
dimensional version of (1.6), but also the geometric generalization of (1.5). See e.g. [3], [11] 
and [16] for the detail. 

In case a 7^ 0, only §^ -valued dispersive flow has been studied. In [15] Nishiyama and Tani 
proved the global existence theorem of the IVP for (1 .4) in (T; R^) with an integer m ^ 2 
in the setting b = a/2. Moreover, they formulated the IVP for curves with two fixed edges on 

at a; = ±00 for x G M, and proved the global existence results also. 

The purpose of this paper is to study the existence theorem of (1.1)-(1.2) especially in the 
setting that a 7^ 0, 6 e R and N is a general Kahler manifold. To state our result, we now 
introduce some definitions related to Sobolev spaces for mappings. 

Definition 1.1. Let {N, g) be a Riemannian manifold, and let N be the set of positive integers. 
For m e N U {0}, a bundle-valued Sobolev space of mappings is defined by 

^m+i^rj,. ^) ^ I g ^ a.e. X e T, and Ux e //"'(T; TN)}, 
where Ux e i?"^(T; TN) means that Ux satisfies 

m „i 

\\UxfHm(j.TN)^y^ / gu{x){^iUx{x),ViUx{x))dx <+CG. 

i=o 

Moreover, let / be an interval in M, and let w : {N, g) (W^, go) be an isometric embedding. 
Here go is the standard EucUdean metric on R*^. We say that u e C(/; if"'+^(T; N)) if u{t) e 
ffm+i^r^. fQj. alH e 7 and wou e C{I; H'^+^T; R'^)), where C(7; H"'+\T;R'^)) is the 
set of usual Sobolev space valued continuous functions on /. 

Our main results are the following. 

TJieorem 1.1. Let m 2 be an integer. Then for any Uo&H^'^^{T; N), there exists a constant 
T > depending only on a, b, N and \\uox\\h'^(T;tn) such that the initial value problem (1.1)- 
(1.2) possesses a unique solution MeC([— T, T]; i7"*+^(T; A^)). 
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Roughly speaking, Theorem 1.1 says that (1.1)-(1.2) has a time-local solution in the usual 
Sobolev space H^. In addition, m = 2 is the smallest integer for (1.1) to make sense in the 
class C([-T, T]; L2(T; TN)). 

We cannot prove any global existence results for (1.1)-(1.2) independently of a, h and N . In 
case = S^, a 7^ and h = a 12, Nishiyama and Tani made use of some conservation laws to 
prove the global existence theorem in [15] and [19]. These conservation laws were discovered 
by Zakharov and Shabat in the study of the Hirota equation. See [20] for the detail. If we take 
into account of the effect of the curvature of to the third term of (1.1), we obtain the global 
existence theorem in the same way as [15] and [19] in case that the Kahler manifold is a 
compact Riemann surface with constant Gaussian curvature as a C°° -manifold. We shall prove 
the following. 

Theorem 1.2. Let {N, J,g) be a compact Riemann surface with constant Gaussian curvature 

K and let a ^ Q and b — aK/2. Then for any uq&H"^~^^{T; N) with an integer m ^ 2, there 
exists a unique solution u&C{M.; i7"*+^(T; A^)) to the initial value problem (1.1)-(1.2). 

We remark that Theorem 1.2 generalizes the results of Nishiyama and Tani in [15] and [19]. 
In other words, the proof of Theorem 1.2 will explain the reason why the global existence 
theorem of (1.1)-(1.2) holds in case that A^ = S^. We would also like to recall that there are 
some classical examples of the compact Riemann surface with constant Gaussian curvature. 
Indeed, not only two-sphere §^ and flat-torus = W' jl?, but also closed orientable surfaces 
Eg with genus (? ^ 2 admit the structure of such manifold. The Gaussian curvature K of them 
are 1, 0, and —1 respectively. 

Our method of the proof of Theorem 1.1 is based on the geometric analysis and the clas- 
sical energy method. We first remark that the local smoothing effect of dispersive equations 
breaks down because of the compactness of the domain T. See [4] for the detail. Fortunately, 
however, (1.1) behaves like symmetric hyperbolic systems in some sense, and a geometric 
classical energy method works for (1.1). More precisely, the Kahler condition VJ = and 
the properties of the Riemannian curvature tensor ensures that the loss of derivatives does not 
occur in geometric energy estimates. In other words, the solvable structure on the system 
of partial differential operators comes from the good geometric structures on A^. In addi- 
tion, we sometimes identify the unknown map u with wou via the Nash isometric embedding 
w : (A", J, g) — > (R'^, g^) in our proof. It is more convenient to treat the system for wou than to 
treat (1.1) directly when we apply the standard argument of partial differential equations. 

More concretely, the process of our proof of Theorem 1. 1 is as follows. We may assume that 
A^ is compact since the initial curve lies on a compact subset in A^ even if A^ is noncompact. 
It suffices to solve the problem in the positive direction in time. First, we construct a sequence 
of approximate solutions {M^}eg(o,i) to 

Ut^ -£Vlu^ + aVlux + JuVxU^ + bgu{u^,Ux)u^ in {0,T^)xT, (1.7) 
u{0,x) = uo{x) in T. (1.8) 

By using a geometric orthogonal decomposition in the tubular neighbourhood of w{N), we can 
check that a kind of maximum principle holds and u^{t) is A^-valued. Secondly, the geometric 
classical energy estimates obtain the uniform estimate on the norm and the existence-time of 
{u^}s^(o^i). Then the standard compactness argument implies the local existence of solution 

ueC{[0,T] xT;N), e C{[0,T]; H'^-\T;TN)) f] L^{0,T; H'^{T;TN)) 

of (1.1)-(1.2), where L°° is the usual Lebesgue space. Thirdly, we prove the uniqueness of 
solution by the energy estimate in i?^ of the difference of two solutions with same initial data. 
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We can choose a good moving frame of the normal bundle of w{N) in W^, and thus the classical 
energy method works for the difference of two solutions also. Finally, the continuity in time of 
V^Ux in L^(T; TN) can be recovered by the standard argument. 

The organization of this paper is as follows. Section 2 is devoted to geometric preliminar- 
ies. In Section 3 we construct a sequence of approximate solutions by solving (1.7)-(1.8). In 
Section 4 we obtain uniform estimates of approximate solutions. In Section 5 we complete the 
proof of Theorem 1.1. Finally, in Section 6 we prove Theorem 1.2. 

2. Geometric Preliminaries 

In this section, we introduce notation, recall the relationship between the bundle-valued 
Sobolev spaces and the standard Sobolev spaces, and obtain the formulation of a system equiv- 
alent to (1.1) used later in our proof. 

We will use C = C {■,...,■) to denote a positive constant depending on the certain pa- 
rameters, geometric properties of N, et al. The partial differentiation is written by d, or the 
subscript, e.g., dxf, fx, to distinguish from the covariant derivative along the curve, e.g., Va:. 
Throughout this paper, w is an isometric embedding mapping from {N, J, g) into the standard 
Euclidean space (MJ^, go). The existence of w is ensured by the celebrated works of Nash [14], 
Gromov and Rohlin [6], and related papers. 

Let M : T — > be given. We denote T{u~^TN) by the space of sections of u~^TN over T. 
For V,W E V{u''^TN), define L^-inner product of them by 

[g{V,W)dx^[ guix){V{x),W{x))dx, 
Jt Jo 

and use the notation 

\\V\\Ur;TN) = [ 9iV,V)dx. 
Jj 

Then the quantity ||Ma;||lfm(T.rjv) defined in Definition 1.1 is written as 

m 

||lfa;||fi-™(T;TiV) — ll^a:''^a;||L2(T.7-jv)- 
3=0 

At this time we see that ||Ma;||//'"(T;TAf) < cxd if and only if \\{w o u)x\\H"^{T;m.'i) < oo- See, e.g., 
[17, Section 1] or [11, Proposition 2.5] on this equivalence. Noting this equivalence and the 
compactness of T, we have 

H^'+^T; N) = {u\ u{x) G a.e. xeT, and {w o u)x e H"'{T; R'^) } 

= { u I u{x) e N a.e. x e T, andwouE H"''+\T; M'') }. 

We will make use of fundamental Sobolev space theory of iJ'"+^(T; R'^) later in our proof. 
Set / = [— T, T] for T > 0. The equation (1. 1) is equivalent to a system for wou as follows. 

Lemma 2.1. Assume that m ^ 2 is an integer. Then u G iJ'"+^(T; N)) satisfies (1.1)- 
(1.2) if and only ifv = w o u E C{r, if™'+^(T; M.'^)) is w{N)-valued and satisfies 

Vt =a{Vxxx + [A{v){Vx,Vx)]x + A{v){vxx + A{v){Vx,Vx),Vx)} 

+ J,{vx, + A{v){vx,Vx)) + b\vxfvx in / x T, (2.1) 

v{0,x) =w o uo{x) in T. (2.2) 

Here, A{v){-,-) : T^w{N) x T^w{N) — > (T^w^N))-^ is the second fundamental form of 
w{N) C M*^ and Jy — dWw-iovJw-'^ovdw~^ on Tyw{N) atvE w{N) respectively. 
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Proof of Lemma 2.1. Supposes G if'"+i(T; iV)) satisfies (l.l)-( 1.2). Since m ^ 2, the 
mapping v — wou: IxT^ w{N) satisfies 

vt = {wo u)t = dwu{ut) = adwu{Vlux) + dwu{Ju^xUx) + bdwu{gu{ux,u^)ux) 

in C(/; L2(T; R'^)). Moreover we deduce 

dti).a(y^u^) = v^^ + A{v){v^, v^), (2.3) 

dWy,{Wlu^) = [dWuiV^u^)]^ + A{v){dWu{V^u,^),v^) 

= V^cxx + [A{v){Vx,Vx)]^ + A{v){V:cx + A{v){V:c,Vx),Vx), (2.4) 
dWu{gu{Ux, Ux)Ux) = g{Ux, U:c)dWu{u^) = \Vx\^V:c (2.5) 

from the definition of the covariant derivative on u~^TN and the isometricity of w. Combining 
(2.3), (2.4) and (2.5), we obtain that v solves (2.1)-(2.2) in the class C(/; ^^(T; W^)). 

Conversely, suppose v E C(/; i/™+^(T; M'^)) takes value in w{N) and solves (2.1)-(2.2). 
Since dw is injective, it immediately follows from the same calculus as above that u = w^^ o 
V e C{r, H^'+^T; N)) solves (2.1)-(2.2) in C(7; L'^{T, TN)). □ 

3. Parabolic Regularization 

Assume that N is compact in this section. The aim of this section is to obtain a sequence 

{u'}eeio,i) solving 

ut = -e Vlua: + a Vlu^ + JySxUx + hgu{u^, u^)u^ in (0, T^) x T, (3.1) 
w(0, x) = Uq{x) in T (3.2) 

for each e e (0, 1), where u — u^{t,x) is also an A^-valued unknown function of {t,x) e 
[0, Tg] X T, and uq is the same initial data as that of (1.1)-(1.2) independent of £ e (0, 1). 
In the same way as Lemma 2.1, (3.1)-(3.2) is equivalent to the following problem 

Vt^-ev,xxx + F{v) in (0,T,)xT, (3.3) 
v{0,x) —wo uo{x) in T, (3.4) 

where v — v^{t,x) is a w(A^) -valued unknown function of {t,x) E [0, T^] x T. Here 

F{v) = - e{[A{v){v^,v^)]^^ + [A{v){v.^.^ + A{v){v^,v^),v.^)]^ 

+ A{v){v,^.^.^ + [A{v){v^,v,^)]^ + A{v){v,^,^ + A{v){v.^,v.^),v^),v^)} 

+ a{Vxxx + [A{v){Vci:,V^)]a: + A{v){Vxx + A{v){V:c, Vx) , Vx)} 

+ Jv{vxx + A{v){v^,v^)) + 6|WxP?Jx-. 

For F{v), notice that there exists G e C°°(R^'^; K*^) such that 

F{v) = G{v, v^, v^^, v^j;^), G{v, 0, 0, 0) = 0, 

for V : T — > w{N). Note that (3.3) is a system of fourth-order parabolic equations for w{N)- 
valued function and represents the equality of sections of v~^Tw{N). We show the following. 

Proposition 3.1. Let Uq e if"*+^(T; N) with an integer m ^ 2. Then for each e E (0, 1), 
there exists a constant — T{e, a, b, N, \\ {w o iio)x||if"'(T;Md)) > such that (3.3)-(3.4) has a 
unique solution V ^ E C([0, T^]; if"'+^(T; R'^)) satisfying v(t,x) E w{N) for all (t,x) E 
[0,T,]xT. 
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For the solution v in Proposition 3.1, the equivalence between (3.1)-(3.2) and (3.3)-(3.4) 
implies that u — o v solves (3.1)-(3.2). The proof of this proposition consists of the 
following two steps. We first construct the solution of (3.3)-(3.4) whose image are contained 
in a tubular neighbourhood of w{N) in M°'. Namely, for 5 > 0, let {'w{N))s be a (5-tubular 
neighbourhood of w{N) C defined by 

{w{N))s = {Q = e M'^ I g e w{N), X e {Tgw{N))^, 1^1 < <^ } , 

and let tt : {w{N))s w{N) be the nearest point projection map defined by 7r{Q) = q for 
Q = (q.X) E {iv{N))s. Since w{N) is compact, it is well-known that, for any sufficiently 
small 6, TT exists and is smooth. We fix such small 6, and construct a unique time-local solution 
of (3.3)-(3.4) in the class 

Y^'' = {ve C([0,T];i/™+i(T;M'^)) | \\v - w o uo\\L^ao,T)xT;R^) < S/2} 

for sufficiently small T > 0. The second step is to check that this solution is actually w{N)- 
valued by using a kind of maximum principle. In short, it suffices to show the following two 
lemmas. 

Lemma 3.2. For each e G (0, 1), there exists a constant > depending on £, a, 6, N and 

II (w o Mo)a;||jym(T;R'') (^nd there exists a unique solution v G 1^'^ to 

vt = -ev,.^^ + F(7r o v) in (0, T,) x T, (3.5) 
v{0,x) = w o uo{x) in T. (3.6) 

Lemma 3.3. Fix e G (0, 1). Assume that v — G Y^'^ solves (3.5)-(3.6). Then v{t, x) G 
w{N)forall {t, x) G [0, T^] x T, thus v solves (3.3)-(3.4). 

Proof of Lemma 3.2. The idea of the proof is due to the contraction mapping argument. 
Let L be a nonlinear map defined by 

Lv{t) = S,{t)vo + [ S,{t - s)F(7r o v){s)ds, 
Jo 

where vo^wouoand for V' e -H'"'+^(T; R'^) 

oo „i 
n=-oo 

is the solution of the linear problem associated to (3.5)-(3.6). Set M — ||t'oa;||i?'"(T;R=')> 
define the space 

ZJP'^ = {f G Y^'^ I ||t'x-||L°°(0,T;i?'"(T;R'*)) ^ 2M}, 

which is a closed subset of the Banach space C([0, T]; i/™+^(T; W^)). To complete the proof, 
we have only to show that the map L has a unique fixed point in Z^Pj^ for sufficiently small T^, 
since the uniqueness in the whole space Y^^^ follows by similar and standard argument. 

The operator —sd^ gains the regularity of order 3, since e-'/^t-'/'^lnpe"^*'^^'^")^ is bounded for 
j = 0, 1, 2, 3. In fact, there exists Ci > such that for any ip G H^'-^iT; R'^) 

||5,(t)t/'||^^+i(T;M.) ^ Cie-'/H-'/^U\\Hr.-2^j.R^^ (3.7) 

holds for alH G [0,r]. 
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On the other hand, if v belongs to the class Z™'*^, we see v{t) e C(T; {'w{N))s) and 
||^a;(^)||//'"(T;R'') ^ 2M foUows for all t e [0,T]. Thus, noting the form of F{v) and the 
compactness of w{N), it is easy to check that there exists C2 = 6*2(0, 6, M,N) > such that 

||F(7r O ■i;)||^m-2(T;]Kd) ^ C2||'i;a;||ijm(T;Md), (3.8) 
||F(7r Ou)- F(7r O T;)||j/m-2(T;]Kd) ^ C2\\u^ - ^^x||if-(T;Md) (3.9) 

for any m, f e ' . 

Using the smoothing property (3.7) and the nonlinear estimates (3.8) and (3.9), we can prove 
L is a contraction mapping from Z^f into itself provided that is sufficiently small. It is the 
standard argument, thus we omit the detail. □ 

Proof of Lemma 3.3. Suppose v E Y^'^ solves (3.5)- (3.6). Define p : {w{N))s W- by 
p{Q) = Q ~ ^(Q) for Q G {w{N))s. Then it follows from the definition that \p o v(t, x)\ = 
minQ/g^(jv) \v(t,x) — Q'\ since w{N) is compact. In addition, {v{t) — wo uq) belongs to 
L°°(T; R"') since v G Y^'^. Thus p o v{t) makes sense in L^(T; W^) for each t. To obtain that 
V is u'(iV) -valued, we show 

IIP°'fWlli2(Tr;Md) = {pov{t),pov{t)) = 

for all t e [0, Te]. Since tt -|- p is identity on {w{N))s, 

diT^ + dpy = Id (3.10) 

follows on Ty{w{N))s, where Id is the identity. By identifying T^{w{N))s with M'^, we 
see that Vt{t,x) e Ty(^t,x){w{N))s and dn^{vt){t,x) e T^ov{t,x)w{N) for each {t,x). Thus 
(p o V, dnyivt)) = holds. Using this relation and (3.10), we deduce 

^^IIP°'f^llL2(T;Md) = {p°V:dpy{vt)) = {p o V , dpy{vt) + dn^{vt)) = {pov,Vt) . 

Here let us notice that {—s{7r o v)xxxx + F{7r o v)){t) e r((7r o v)~^Tw{N)) since tt o v{t) e 
w{N), and thus this is perpendicular to p o v{t). Noting this and substituting (3.5), we get 

^^IIp°'^IIl2(T;R'') = {p°v,-evxxxx + F{ttov)) 

^ {pov, -e{p o v)^^xx - £(7r o v)xxxx + F{'k o v)) 
= {pov,-e{pov)^^^^) 

= -£||(pot;)^^||^2(T;Md) ^ 0, 

which implies ||p o ^(t) |||2(T]Rd) ^ \\P ° ^oWl^ij-s^d) = 0. Hence p o v{t) — holds for all t. 
Thus v{t) is w{N)-Yahied for all t. This completes the proof. □ 

4. Geometric and classical energy estimate 

Assume that N is compact also in this section. Let {M^}£g(o,i) be a sequence of solutions 
to (3.1)-(3.2) constructed in Section 3. We will evaluate the bundle-valued Sobolev norms of 
{ul}s(z(o,i) and obtain the uniform estimate on the norm and the existence time. Our goal of 
this section is the following. 

Lemma 4.1. Let uq G iJ™"*"^ (T; iV) with an integer m ^ 2, and let {u^}e£{Q,i) be a se- 
quence of solutions to (3.1)-(3.2). Then there exists a constant T > depending only on 
a, b, N, \\uox\\h2{T;tn) such that {M|}£e(o,i) is bounded in L°°(0, T; H"\T; TN)). 
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Proof of Lemma 4.1. To obtain the desired uniform bounds, we show that 

d ^ 

^ll<WllH2(T;TiV) ^^(«,&,^)Ell<(^)ll'^^(T;TiV), (4-1) 

^IKWIlHfc(T;Tiv) ^ C{a,h,N, |K(t)||j/fe-i(T;TJV))IKWII^fc(T;riv)' 3 ^ /c ^ m, (4.2) 
hold for alU G [O.T^]. 

Throughout the proof of (4.1) and (4.2), we simply write u, J, g in place of u^, Ju, Qu 
respectively, || ■ = \\ ■ \\h''(T;tn), \\ ■ Wl^ = \\ ■ ||L2(T;TAr), || ■ = || ■ ||L-(T;rAf) for /c G N, 
and sometimes omit to write time variable t. 

Let 2 ^ k ^ m. We consider the following quantity 



id 2 



2 E ^ll^^^-lli^ = E / ^ {^tViu,, ^iu,) dx. (4.3) 

1=0 1=0 '''^ 



Note that VtUx = VxUt and VtVxUx = '^x^tUx + R{ut-,Ux)ux follows from the definition 
of the covariant derivative, where R denotes the curvature tensor on [N., J,g). Using these 
commutative relations inductively, we have for / ^ 1 

i-i 

VtV^Ux = V+'ut + J2 [^(«*' Ux)V-'^^+'^Ux] . (4.4) 

j=0 

Substituting (4.4) and (3.1) into (4.3) gives 
1 d „ 



2 

II7#,„ II 

2dt 

fc „ k l-l 



1=0 '^'^ 1=1 j=0 '''^ 

+ aJ2 f 9 {^i^^Ux,Viux) dx 

1=0 

1=1 j=o -'-^ 

k l-l „ 

+«EE / ^(^'- [i?(vx,«.)vL-^^'+^)^^.] ,v^i..)dx 

1=1 j=0 -^TT 



DISPERSIVE FLOW 

k l-l 



1=1 j=o J'^ 

k l-l „ 

+ hi^- [^("- «-)^(«- «a.) V^-(^+i)«J , Viu,) dx. (4.5) 

1=1 j=0 

Note that the last terai of (4.5) equals to since R{ux, u^) = 0. We next deduce 

Jt Jt 

= l|VL+^«.||i., (4.6) 

/ g (V^+^M^, V^u^) dx^ - [ g V+^u^) dx 

Jt Jt 

= 0, (4.7) 

by integrating by parts. In addition, V^J — J^x follows from the Kahler condition. Thus, by 
using this relation and the antisymmetricity of J, we have 

/ g {Vi+'JVxU,, Vlu,) dx^ - f g (JV^+'u., V^+^«,) dx = 0. (4.8) 
Jt Jt 

Substituting (4.6), (4.7) and (4.8) into (4.5) yields 

1 d „ 



^x\\lk + eJ2 II = Ife + Ilfc + Illfe + IV,, (4.9) 



2dt 

1=0 



where 



h^bY] / 9 {'^^r^^[9{ux,Ux)u:c\,'^xiJ'x) dx, 
1=0 -'^ 

k l-l „ 

lh^aJ2J2 9 (Vi [Ri^lux, u,)K^'^''>u,] , K^x) dx, 
1=1 j=o 

k l-l „ 

= EE / ^ [R{j'^xUx,u,)vi''^'^'\x] yxUx) dx, 

1=1 j=o 

k l-l „ 

IYk^-eJ2J2 9 (Vi [R{Vlu,, u,)V-^^+'^u,] , V^u,) dx. 
1=1 j=o 

We show the desired bounds of I,, 11,, III,, and I V, below. 
Case 1: k = 2. 

We first consider I2. Using Holder's inequality and the Sobolev embedding, we deduce 

h =b / g {V^[g{u^,u^)u^],u^)dx 
Jt 
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Jt 

^C(6)||m^||^2 + 6 / g {Vl[g{ux,Ux)u^],Vlux) dx. 



T 



Furthennore a simple calculation gives 

"^xUx) Ux + Qg iylux, Ux) 
+ ^g {^xUx, Ux) Vlux + Qg (S/xUx, ^ x^x) ^ X^xi 

hence we deduce 

/ g iyl[g{'^x, Ux)ux], Vlux) dx^2 g {g {Vlux, Ux) Ux, V^w^) dx 

+ / g {g{ux,Ux)vlux,vlux) dx 

Jt 

+ 12 / g{g iylux, Ux) VxUx, Vlux) dx 
Jt 

+ Q g{g i^^xUx, Ux) "^lux, ylux) dx 

Jt 

+ 6 / g{g (S/xUx, VxUx) ^xUx, V^-u^) dx. (4.10) 
Jt 

We see V^Ux disappears from the first and the second term of the right hand side of (4.10) by 
a good symmetricity of g. In fact, after integrating by parts, we have 

g{g (V^iix, Ux) Ux, Vlux) dx^-2 j g[g {Vlux, Ux) VxUx, ^lux) dx, (4.11) 

/ g {g{ux, Ux)Vlux, Vlux) dx = - g{g {VxUx, Ux) Vlux, Vlux) dx. (4.12) 
Jt Jt 

Substituting (4.11), (4.12) into (4.10) and noting 

/ g {g{'^xUx,'^xUx)'^xUx,'^lux) dx I [g{^xUx,'^xUx)'^]^dx ^0, 
Jt 4 Jt 

we obtain 

/ g {'^l[g{ux,Ux)ux],vlux) dx 

Jt 

= 10 / g [g {ylux,Ux) VxUx,Vlux) dx + 5 / g{g{VxUx,Ux)Vlux,Vlux)dx, 
Jt Jt 

which is bounded by C||mj;||^2. Therefore we have 

h^C{b)\\ux\\jj2. (4.13) 
Next we consider II2. A simple computation gives 

II2 =a g {Vx [R{Vlux,Ux)ux] ,Vlux) dx 
Jt 
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+ a g {R{VIuj:, Uj:)VxUx, Vlu^) dx 

JT 

+ a g {R{Vlu^, u^)u^, V^^Ux) dx. (4.14) 
Jt 

Moreover it follows from the definition of the covariant derivative of R 

Va; [R^^lUx: Ux)Ux] =( Vi?) (w^) (V^li^, Ux)Ux + -R(V^Ii^, Ux)Ux 

+ R{VlUx, VxUx)Ux + Ri^lUx, Ux)VxUx- (4.15) 

By noting that 

g{R{X, Y)Z, W) = g{R(W, Z)Y, X) (4.16) 
holds for any X, Y,Z,W E r(u-^TN), and by substituting (4.15) into (4.14), we deduce 



II2 =a / g {{VR){ux){Vlux,Ux)ux,Vlux) dx 
Jt 

+ a g {R{Vlux,Ux)ux,S/lux) dx 
Jt 

+ 3a g {R{Wlux, V xUx)ux, ^lux) dx 
Jt 

+ a g {R{Vl 
Jt 

i^C{a,N){\\u^,\\\j, + \\ux\\]j2) + a [ g {R{Vlux,Ux)ux,Vlux) dx. (4.17) 

Jt 

Here we used the fact that R and V-R are bounded operators since N is compact. Furthermore, 
V^Ux disappears from the second term of the right hand side of (4. 17) because of the properties 
of R. In fact, we deduce from the integration by parts and (4.16) 

a g {R{Vlux, Ux)ux, V^u^) dx g {R{Vlux, Ux)ux, "^lux) dx 

Jt Jt 

= ? / 9 {R{^lux,Ux)Ux,Vlux) dx 
^ Jt 

I 9 iR{'^lux,Ux)ux,Vlux) dx 
^ Jt 

~^ 9 {R^^lux, ^xUx)ux, ^lux) dx 
^ Jt 

g {R{Vlux,Ux)VxUx,Vlux) dx 

^ Jt 



a 



2 J 9 {{^R){ux){Vlux,Ux)ux,Vlux) dx 



— — a 

a 

~ 2 



T 



g {R{Vlux, VxUx)ux, V^M^) dx 

g {{VR){ux){Vlux, Ux)ux, Vlux) dx, (4.18) 



which is also bounded by C(a,iV)( II -u^ II ^2 + 1 1 ""a; 1 1 ^2)- Thus we get 

II2 ^ C(a, 7V)(||«,||^, + ||«,|||^2). (4.19) 
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Next we compute III2. This can be treated as the estimation of the composite function of 
lower order terms. Indeed, a simple computation gives 

1112 = 9{V, [R{JV 
Jt 

+ / g {R{JVxUx,Ux)VxUx,Vlux) dx 
Jt 

+ / g {R{JWxUx,Ux)ux,WxUx) dx 
Jt 

^C{N){\\Ux\\loa\\JVxUx\\L-A\'^lux\\L^ + \\Ux\\Io.\\J'^Iux\\lA\'^Iux\\l^ 
+ \\Ux\\l'^\\VxUx\\l°-\\JVxUx\\lA\VIux\\l^ 
+ WUxWIc^^WJVxUxWl^IVxUxWl^) 

<C{N){\\uxfH2 + \\ux\\%.). (4.20) 
Next we compute IV2. Using (4.16) and the Cauchy inequality, we deduce for any ^ > 

IV2 = - £ / g {Vx [R{Vlux, Ux)ux] , Vlux) dx 
Jt 

-el g {R{Wlux,Ux)S/xUx,S/lux) dx 
Jt 

-e g{R{Vlux,Ux)ux,VxUx)dx 
Jt 

= -£ / g{{VR){ux){Vlux,Ux)ux,Vlux)dx 
Jt 

-e g {R{Vlux, Ux)ux, V^Ux) dx 
Jt 

-el g {R{Vlux,Ux)VxUx,Vlux) dx 
Jt 

-2s/ g [R{Vlux,S/xUx)ux,Vlux) dx 
Jt 

-e g {R{VxUx, Ux)ux, V^m^) dx. 
Jt 

^eA\\Vtux\\l. + 5eA\\Wlux\\l. 

Ux, Ux)'Ux\\'£^2 Uxj Ux)Ux\\j^2 

+ \\R{WlUx,Ux)VxUx\\l2 + 2\\R{VlUx,'^xUx)Ux\\l2 + \\R{^xUx,Ux)Ux\\l2^ 

^sAWVtuxWh + 5eA\\Vlux\\l2 + ^(ll^.llf,. + IKWU- (4-21) 
Combining the estimates (4.13), (4.19), (4.20) and (4.21) yields 

Ij^IMh^ + (1 - A)e\\Vtux\\l2 + (1 - 5A)e\\Vlux\\l2 + V^lli^ 
^ C{a,b,N,A){\\ux\\%2 + \\ux\\h2 + \\ux\\h'^ + \\ux\\%2). 
Especially take A> as A < 1/5, then we obtain the desired inequality (4.1). 
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Case 2: 3 ^ k ^ m. 

Let 3 ^ k ^ m. We also compute 1^ + 11^ + 111^ + IV^ in (4.9). We can obtain the desired 
inequality (4.2) in the similar argument as in the case k — 2. 
We first consider 1^. A simple computation gives 



h =26 ^ g{9 (v5,+^Ma;, u^) u^, V^Mo;) dx 

1=0 

+ 26j](/ + l) / g{g{V^u^,V^u^)u^,V^u^)dx 

1=0 

+ 26^(/ + l) f g {g {Viu^,u^)V^u^,Viu^) dx 
1=0 

k 

+ 26 V(i + 1) g{g {W^u^, u^) V^u^, V^u^) dx 

1 JT 



1=0 

+ Pk, (4.22) 



where 



P'^-^tl E / 9 {9 (V>., Vf K.) VX, Viu,) dx. 

max{a,/3,7} ^/ — 1 

It is easy to check is bounded by C(6)||Ma,||^fe_i On the other hand, 1^ — can be 

treated in the same way as in the case A; = 2 by using the estimation like (4.11) and (4.12). 
Indeed, by integrating by parts and by applying the good structure of 5?, we have 

2 / S' (s' (V^"^^tia;,tia;) tix, V^) = -2 / g [g {ylu^,, u^) W xUx,S/lu:^) dx , 
Jt Jt 

/ 9 {9{ux, -Ux) Vi.+^'u^, V^ii^) dx^ - g{g (V^u^, u^) V!,^^, V!,u^) dx. 
Jt Jt 

Therefore we deduce 

Ik -Pk ^bj^i^l + 2) [ 9(9 i^iu^, ^xUx) u^, ^iu^) dx 
1=0 

+ bJ2{2l + l) g{g{V xUx, Ux) V^Ux, V^Ma;) dx 
Jt 



1=0 

k 



^C\b\ ^ ||Mx||L'x>||Va;1ia;||L<-||V!,M^||^2 



/=0 



<C{b)\\u^\\H2\\u^\\Hk. 
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Consequently, we obtain the desired boundness 

Ifc ^ C{b, \\u^\\H'<:-^)\\Ux\\Hk. 

We next estimate 11^. A simple computation yields 

k 



1=1 

k 

+ aV(/-l) / g {{WR){u^){Wlu^,u^)u^,Wlu^) dx 

1=1 

+ aV(2/-l) f g {R(Vlu^,V^u^)u^,Vlu^) dx 

1=1 



+ Qki 



where 



k l-l 



-1 j=0 p+q+r+s=j 
p,q,r,s^O 
max.{p,g+2,r,s+l-{j+l)}^l-l 



X 



9 ((VSi?)(Vf VX)Vf V[u,) dx, 



a=l Q+Eh=iPh=P 

for some constant ^^,g,r,s' B^^^ if p e N, and V°-R = -R. 

On the estimation of 11^ — Q^, the property of Riemannian curvature tensor works well sim- 
ilarly to the estimate (4.19). Indeed, after integrating by parts, we have 

/ g (i?(V^+^'Ua., y^^U:,) dx 

JT 

I g{{^R){Ux){^iu^,U^)Ux,^^:c'^x)dx 

- / g {R{V[ux,Uro)uj:,V^^Uj:) dx, 
Jt 

thus we deduce 

life -gfe=aj](/- 3/2) [ g {{VR){u^){Wlu^,u^)u^,Viu^) dx 
1=1 J'^ 

+ a V(2Z -2) f g {R{V^u^, V^^u^ju^, V^u^) dx 

1=1 

^C{a,N){\\ux\\loc. + \\ux\\l'^\\'V xUx\\L^)\\ux\\Hk. (4.23) 

On the other hand, on the estimation of Qk, if the integers p, q,r, s ^ satisfy p+q+r+s = j 
and max{p, q + 2,r, s + I — {j + 1)} — 1, we can easily check that there are at most two 
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elements of the set {p, g + 2, r, s + / — (j + 1)} which equals to / — 1, and that the others are 
not greater than 1 — 2. Thus we deduce 

k / l-l \ 
1=1 \p=0 J 

Here let us notice from definition that there may appear u^:, . . . , V^~^Ux in V^R, but there does 
not appear V^Ux in V^-R. Noting this, it is easy to check 

i-i i-i p i-i 

J2 W'^iRh- < c{N) J2 E ii^-ii^^^ ^ ^(^) E \Mh^-^- 

p=0 p=0 r=0 r=0 

Therefore we have 

Qk < C{a,N) ^E hx^H'^-^j (4.24) 
Thus (4.23) and (4.24) imply the desired boundness 

The desired boundness of 111^ and I also follows from the same argument as that of III2 
and IV2. Indeed, we can easily deduce 

Illfc ^ C{N, \\Ux\\H>'-i)\\Ux\\Hk, 

and there exists Ci > such that for any A> 

k 

1ia:||iffc-i)||lij;||/^fc- 

Applying these estimation of 1^, 11^, Illfc, I to the right hand side of (4.9) leads to 
id ^ 

2^ll«a.||l/fe + (1 - C^A)eJ2\\^x^^Ux\\l2 < C{a,b,N,A, \\u4h''-i)\\u41,. (4.25) 

1=0 

Thus, by taking A < 1/Ci, we obtain the desired inequality (4.2). 

By using (4.1)and (4.2), we now complete the proof of Lemma 4.1. Set/(i) = ||i*|(^)||^2 + 
1, then we have from (4.1), 

^ ^ C(a, 6, N)f\ /(O) = \Mh + 1. (4.26) 

It follows from (4.26) that there exists a positive constant T — T{a, b, N, WuqxWh^) > and a 
positive constant C2 = 6*2(0, 6, A^, ||mox||//2) > such that 

\\ul{t)\\H2^C2 (4.27) 

holds for all t G [0,T]. Furthermore, since (4.2) holds for A; = 3, (4.27) and the Gronwall 
inequality implies 

hmWrn < \\uoxfH.exp{C{a,b,N,C2)T), 
which implies the existence of a constant C3 = Cs{a, b, N, \\uox\\h3:T) > such that 

\\ul{t)\\H3<Cs 



16 
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holds for all t e [0, T]. It is now clear that we can show, by using (4.2) inductively for each 
3 ^ A; ^ m, the existence of a constant Cm — Cm{a, b, N, WuqxWh'^^T) > such that 

sup ^ Cm- 

te[o,T] 

It is easy to find that the solution to (3.1)-(3.2) with e e (0, 1) must exists on the interval 
[0, T]. Otherwise we extend the time interval of existence to cover [0, T], that is, we have 
^ T. Thus the lemma has been proved. □ 

Remark 1. {M|}£g(o,i) gains the regularity in the following sense. That is, by applying (4.25) 
with k — m, and by integrating on [0, T], we obtain 

m 

2(1 - C^A)e II V!,+'<||i2([o,T]xT) ^ C{a, b, N, A, \\uo4h^)T + 

1=0 

This implies {e^/^S7'^'ul},^(^o,i) is bounded in L^{0, T; H^{T, TN) ). This property will be used 
in the compactness argument in the next section. 



5. Proof of Theorem 1.1 
We are now in a position to complete the proof of Theorem 1.1. 

Proof of Theorem 1.1. At first assume that N is compact. 

Proof of existence. Suppose that uq G H'^^^iT-^ N) with the integer m ^ 2 is given. By 
Proposition 3.1 there exists a sequence {M'^}eg(o,i) solving (3.1)-(3.2) for each £ > 0. More- 
over, Lemma 4.1 implies there exists T = T(a, 6, N, \\uox\\m{T;TN)) > which is independent 
of £ e (0, 1) such that {ul}ee{o,i) is bounded in L°°(0, T; i/"^(T; TN)). Thus, since T is 
compact, we have {i'^}£g(o,i) is bounded in L°°(0, T; if"^+^(T; M"')), where — w o u^. On 
the other hand, as stated in Remark 1 in the previous section, {e^/^V™M^}eg(o,i) is bounded in 
L2(0, T; H'^{T, TN)). Noting this, we see {wf }£g(o,i) is bounded in ^^(0, T; H'^-^iT; TN)), 
which implies {v'},^(^o,i) is bounded in C^'^/^{[0, T]; i7™-2(T; R"')). Consequently, by inter- 
polating the spaces L°°(0, T; i/™+i(T; M'')) and C^'^/^{[Q,T]; H"'-'^{T,R'^)), we obtain that 
{v'}emi) is bounded in the class C°'°^([0, T]; H"'+'^-^'^{T; R<^)) for any < a ^ 1/2. Hence 
we see from Rellich's theorem and the Ascoli-Arzela theorem that there exists a subsequence 
|^sO)joo^ and 

V e L~(0, T; H"'+\T, R'^)) n C([0, T]; //'"(T; R"^)) 

such that 

in L°°(0, T; i/"^+^(T; R'^)) as j ^ oo, (5.1) 
y^j) — ,y in C([0,T];i/™(T;R'^)) as j ^ oo. (5.2) 

In particular, we see from (5.2) that v e C([0, T] x T; w{N)). Furthermore it is easy to check 
that ^; is a solution of (2.1)-(2.2) with the initial data w o uq. Thus Lemma 2.1 implies that 
u^w-^ove C([0, T] X T; N) satisfies 

u e L°°(0, T; H'^+^T; N)) f] C([0, T]; //'"(T; iV)) 



and solves (1.1)-(1.2) with the initial data uq, which completes the proof of the existence. □ 
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Proof of uniqueness. LQtu,v G L°°{0,T; H^'+^T; N)) n C([0, T]; i7™(T; iV)) be solutions 
of (1.1)-(1.2) such that it(0, x) — v{0, x). Identify u, v with w o u,w o v. Then u and v satisfy 
(2.1)-(2.2) with m(0, x) = v{0, x), and z — u — v makes sense as R'^-valued function. Taking 
the difference between two equations, we have 

where 

+ Ju{uxx + A{u){ux, u^)) + b I 

"^x I "^x ■ 

To prove that 2; = 0, we show that there exists a constant C > depending only on a, 6, N, and 
the quantities \\u^\\l'>-{o,t;H^ts:;R'1)), ||'y^||Loo(o,r;i?2(T;Md)) such that 

^lk(*)ll//i(T;]R'') ^ C'||2;(t)||^i(Tp.Rd). 

We write C without commenting the dependence of the constant, simply write | 
II ■ ||Hi(T;R<i). II ■ |Il2 = II • |li2(T.Rd) = (•, ■) and omit to write time variable t below. 
At first, since the mean value theorem shows that 

f{u , tlx, '^xx ) ^I) '^xx 

) = 0{\z\ + \Zx\ + \Zxx\), 

we can easily check 

i|||^||i. = (.,^,)^C||^||^. 
by using the integration by parts. Thus we concentrate on the estimate of 



2^ll^a;||i2 — {Zx, Zxt) — — {Zxx-i Zt) — — {Zxx-i fa''rfj + fb) i 



where 



fa =a^Uxxx + [A{u) {Ux, Ux)]x + A{u) {Uxx + A{u) {Ux, Ux), Ux) 
"^xxx [A{v){Vx,Vx)\x - A{v){Vxx + A{v){Vx,Vx),Vx)^, 

fj ^Ju{Uxx + A{u){Ux, Ux)) - Jv{Vxx + A{v){Vx, Vx)), 
fb =b {\Uxfux - \Vxfvx) . 

For any y e w{N), let p{y) = dny : — > Tyw{N) be the orthogonal projection onto the 
tangent space of w{N) at y, and define n{y) — Id — p{y), where Id is the identity on M*^. Note 
that p{y) and n{y) behaves as symmetric matrix on respectively. 
On the estimation of {zxx, fj), let us notice at first 

Jv{Vxx + A{v){Vx, Vx)) = Jyp{v)Vxx- 

Since Jvp{v) : R'' — > M*^ is antisymmetric, we obtain the desired boundness. Indeed, 

{Zxx, fj) = (zxx, {JuP{u) - JvP{v))Ux^ + (zxx, JvP{v)Zxx^ , 

where the second term of the right hand side vanishes and the first term of the right hand side 
is bounded by C||2;||^i by using the integration by parts and the mean value theorem. 

The desired boundness of {zxx, fb) follows from the facts that ||i'a;||^^d : — and 
{vx, ■)vx -.W^ are symmetric respectively and Vx is in L°°(0, T; if^(T; W^)). It is not so 

difficult, hence we omit the detail. 
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Thus it suffices to consider l^z^x-, fa)- From the definition of the co variant derivative along 
the curve and the relations = p{u), p{u) — Id — n{u), we deduce 

XI ^a;) ) ^x) 

= p{u) [p(m)m 

X Uxx 

= U^xx - n{li)u^x:^ + p{li) [p{u)\^ U^x. 

Roughly speaking, n{u) gains the regularity of order 1 since u is tf(A^)- valued. In fact, as is 
shown below, —n{u)uxxx + p{u) \p{u)\^ Uxx essentially behaves as lower order term and does 
not cause any bad effects on the if^-energy estimate. We first decompose by 

{Zxx, fa) = a{Ao + Ai+A2 + A3), 

where 

^0 — i^xxi ^xxx) — 0) 

Ai^ - {zxx, {n{u) - n{v))uxxx) + {zxx,p{v) \p{u) - p{v)]^Uxx) , 

^2 = - {Zxx,n{v)Zxa:x) + {Zxx,Piv) \p{v)]x Z^x) , 
A3 = {Zxx, {P{u) -p{v)) \p{u)]^Uxx) ■ 

Obviously ^3 is bounded by C||2;||^i by using the integration by parts and the mean value 
theorem. In addition, since is symmetric andp{v)'^ — p{v) on IR*^, we deduce 

^2 = - {Zxx:n{v)Zxxx) + {Piv)zxx, [p{v)]^ Z^x) 
— {Zxxj'^i^'^^Zxxx) {Zxxj Pi'^^ Zxxx) 
{Zxxi Zxxx) 

= 0. 

We need to estimate Ai carefully. At first, assume that there exists real- valued functions 
defined on a neighbourhood of w{N) in W'' satisfying grad ^ for each j = n + 1, . . . , d 
such that 

w{N) = {v\ G^'+^v) = ■■■ = G'^iv) = } . 

In this case n G N is the real-dimension of w{N) as the compact submanifold of M'^. Note that 
there exists a smooth orthonormal frame • • • , i/'^} for the normal bundle (Tw{N))-^ 

globally on w{N). In this setting we start the estimation of Ai. It follows from the properties 
of p{v) ,n{v), p{u) and n{u) that 

Ai^- {zxx, {n{u) - n{v))uxxx) - {zxx,p{v) [n{u) - n{v)]^Uxx) 

= - {zxx:n{v){n{u) - n{v))uxxx) - {zxx,p{v) [{n{u) - n{v))uxx\x) 
= - {n{v)zxx, {n{u) - n{v))uxxx) - (p{v)zxx, [{n{u) - n{v))uxx\x) ■ (5-3) 
On the first term of (5.3), it is important to note 

d 

n{v)zxx^ ^ {zxx,i^^{v))v'{v) ^0{\zx\) (5.4) 

j=n+l 

holds since v is tt;(A^) -valued. Indeed, by taking the derivative of [v.^, u^{v)) = with respect 
to X, we have {vxx, ^■' (^)) = —{vx, ['^•'iv)]x) and thus a simple computation implies 

(zxx^i'^v)) = -{zx, [i'\v)]J - {ux, [iy^{u) - i^^{v)]J - (uxx^i'^u) - iy\v)), (5.5) 
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which is 0{\zx\). Hence, by noting (5.4), we have 

- {n{v)za;x, {n{u) - n{v))uxxx) ^ C||^a;||L2 ||^||i,oo ||M3;3;3;||i2 ^ Cll^ll^i. 

On the second term of (5.3), we deduce 

- {p{v)zxx, [{n{u) - n{v))uxx]J = - {{p{v) - p{u))zxx, [in{u) - n{v))uxx]^) 

+ {n{u)z^^, [{n{u) - n{v))ux^]J 
- {zxx, [{n{u) - n{v))uxx]J ■ (5.6) 

The first term of (5.6) is obviously bounded by C||2;||^i. The second term of (5.6) is also 
bounded by C||2;||^i since n{u)zxx = 0{\zx\). We consider the third term of (5.6). We have 

{n{u) - n{v))uxx 

d d 

= ^ {Uxx,l'^{u))u^{u) - ^ {Uxx,l^^{v))l'^{v) 

j=n+l j=n+l 

d d 
= ^ iUxx:'^^{u)){iy^{u) - U^{v)) + ^ (Uxx^l^^iu) - U^{v))u^{v) 

j=n+l j=n+l 

d d 

j=n+l j=n+l 

Thus it follows that 

[{n{u) - n{v))uxx]x 

d d 

j=n+l j=n+l 

d 

+ Yl {Uxxx,^'{u)-iy'{v)y{v)+0{\z\). 
j=n+l 

Moreover, noting that {zxx, = 0{\zx\) follows from (5.5), we get 

d 

j=n+l 
d 

j=n+l 

Thus we have only to estimate the following quantity 

d 

E {zxx, K, [^'{u)],) [^'{u) - y^v)];) . (5.7) 

j=n+l 

Here we write 

[t^^{u)\^ = D^{u)ux, j = n + l,...,(i, 
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where (u) = grad (u) is a M'^ x R'^-valued function. Using this notation, we have 



(5.7)= J2 {z..,{u,,[i^'{u)]JiD^iu) - D^iv))u,) 

j=n+l 

d 

+ (■^-,(«., [i^^H]J^^(^^);^.>. (5.8) 



j=n+\ 

The first term of (5.8) is obviously bounded by C||^||^i. On the second term of (5.8), note first 
that the following relation 

^ ' |gradG^(^;)| \\gYBdG3{v)\J 
holds at I) e w{N). Thus it follows that 

( &{v) 



which is a symmetric matrix valued. Then we deduce 

j=n+l j=n+l 

which is bounded by C||^||^i. Consequently we obtain the desired boundness of Ai. 

In the general case, there may not exists any global orthonormal frame for the normal bundle 
{Tw{N))-^ on w{N). However, we can assume without loss of generality that 

L L 

w{N) = U = U { ^ I (^) = • • • = Gj{v) = } 
1=1 1=1 

for some L e N and real-valued functions G""^^, ■ ■ ■ ,Gj defined in the neighbourhood of Qj 
in MJ^ with grad 7^ for each j, 1 ^ I ^ L. Let {X^}f^i be a partition of unity associated 
to Then on each ^Ij, there exists a smooth orthonormal frame for the normal bundle 

satisfiying the relation like (5.9). Furthermore, we can proceed almost the same argument as 
above by noting n{u) = n{u) Yld=i "^^i"^) ^^'^ ['>^{u)]x = [n{u)]x \^{u). It is not difficult, 
thus we omit the detail. 

Consequently, we obtain the desired inequality 

d_ 

Thus, since z{Qi) = 0, Gronwall's inequality implies z = Q. This completes the proof of the 
uniqueness. □ 

Proof of the continuity in time of V™m^ in L^(T; TN). So far in our proof, we have proved 
the existence of a unique solution u e L^(0, T; H'"'+\T; N)) n G([0, T];H"'{T; N). Let 
V ^wou. To obtain that u e C{[0, T];H"'+\T, N), we show e C{[0, T]; //"*(T; R'^)). 
Note that it follows from the definition of the covariant derivative that 

m+l 

dWu{V^U,) = d:^+'v+J2 E S(a„...,aO(^)(^r^.,-- - ,5:'^^.)- (5.10) 

1=2 aiH \-ai=m+l 

ai>l 



^ C\\z{t)\\l. 
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Here ...,«,)(■) are multi-linear vector-valued functions on M.^, and it is easy to check that 
the second term of the right hand side of (5.10) is in C([0, T]; L'^{T; W^)). Thus it suffices to 
show that dWuiV^u^) belongs to C([0, T]-L'^{T, R'^)). 

First of all, we can derive from the energy estimate (4.2) and the isometricity of w 

for some C > which is independent of £ e (0, 1). Therefore it follows that 
Letting £ | 0, we have dw^{V^u^){t) e L^iT; R'^) makes sense for all t e [0, T], and 
which leads to 

limsup |M«;«(V>^)(i)||i2(Tr.Kd) ^ \\dwui^^u^){0)\\l2^j.^ay (5.11) 

Moreover, since f G L~(0, T; i7'"+i(T; R'^)) n C([0, T]; i/"^(T; R'^)), we see dw„(V>^)(t) 
is weakly continuous in L^(T; R*^). Hence it follows that 

IM«'.(V>,)(0)||i.(^.^.) ^ limmf \\dw^{V^u,m\\l,^^.^,y (5.12) 

From (5.11) and (5.12), we obtain 

lim \\dwu{V^u,m\\l,^^.^,^ = \\dw^{V^u,m\\l,^^.^ay (5.13) 

Consequently, it follows from (5.13) and the weak continuity of dwu{'V^Ux){t) in L^(T; R'*), 
dwu(V^Ux){t) is strongly continuous in L^(T; R'^) at t = 0. By the uniqueness of u, we see 
dWu{y^Ux){t) is strongly continuous at each t G [0, T] in the same way. □ 

Finally assume that is noncompact. In this case, retake A^' as a compact subset of in 
which the image of initial data is contained. Then we can proceed the same argument on N' as 
in the case N is compact. Thus we complete the proof of Theorem 1.1. □ 

6. Global Existence 

The goal of this section is to prove Theorem 1 .2. Let (A^, J, g) be a compact Riemann surface 
with constant Gaussian curvature K, and assume that a 7^ and h = aK/2. Theorem 1.1 tells 
us that, given a initial data Uq G i7'^+^(T; A^), there exists T = T{a, b, N, \\uqx\\h'2(j-tn)) > 
such that the IVP (1.1)-(1.2) admits a unique time-local solution u G C{[0, T); H'^+^T; N)). 

In what follows we will extend the existence time of u over [0, 00). For this, we have the 
following energy conversation laws. 

Lemma 6.1. For u G C([0, T); i?"'+i(T; A^)) solving (1.1)-(1.2), the following quantities 

m 

E{u{t)) = ||VXWIIl2(t;tjv) + J^{g{ux{t),Ux{t))fdx 
-K I {g{ux{t),VxU^{t))f dx 
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_ 3X 

are preserved with respect tot & [0; 

Remark 2. In [15] and [19], Nishiyama and Tani treated (1. 1)-(1.2) in case iV = §^ with K = 1, 
and proved a time-global existence theorem by using the following conserved quantity: 

\Kxx{tW - l\\\Mt)\\uxx{t)\\\^ - u\K{t) ■ u^xitW + ylll^xWI'll', 

where || ■ || = || ■ ||L2(Tr;iR3). E{u{t)) generalizes the above quantity. In fact, we can check that 
this quantity is reformulated as 

1 /■ ^3 



- I {g{ux{t),VxUx{t))f dx I g{u:c{t),u^{t))g{VxUx{t),VxUx{t))dx, 
which is just within = 1. 

Proof of Lemma 6.1. It is obvious that ||M2:(t)|||2(T-Tiv) preserved by the same computation 
as in Section 4. Hence we omit the proof. 
We consider 



^K^)) =l|vxWlliwiv) + ^ / {gMt),Ux{t))ydx 

-B {g{ux{t),VxUx{t))f dx 

JT 

-C g{ux{t),Ux{t))g{VxUx{t),VxUx{t))dx, 
Jt 

where A = -ftT^/S, B = K, C = 3A'/2. Since [N, J, g) has a constant sectional curvature K 
as a C°°-manifold, it follows for X, F, and Z e r(u-^TN) that 

R{X, Y)Z = K {g{Y, Z)X - g{X, Z)Y} . (6.1) 

Especially since Vi? = holds, the term containing V^R, p E N does not appear. We have 
only to compute by using (6.1). We make use of the integration by parts repeatingly. Hence we 
only show the results of computations. A simple computation gives 

-E{u) =2 / g{Vlut,Vlux)dx 
dt Jy 



-(2S + 2C) / g{VxUa:,VxUa:)g{VxUx,Ut)dx 

Jt 

- {6A + 2CK) / (g(ux, Ux)fg(VxUx, Ut)dx 

Jt 

-{2K + 2B + 4C) I g{ux,Vlux)g{VxUx,Ut)dx 
Jt 

+ {2K-8C) / g{VxUx,Ux)g{Vlux,ut)dx 
Jt 

- (2K + 2C) I g{ux, Ux)g{Vlux, Ut)dx 

Jt 
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+ {2K - 2B) / g{u^, Vlu^)g{u^, Ut)dx 
Jt 

-{2AA-2CK) I g{u^,u^)g{u^,V:cUx)g{u^,Ut)dx 
Jt 

- {6B - 4C) / g{Vlux, VxUx)g{ua:, ut)dx. 
Jt 



We next substitute Ut = a Vlu.j. + JVxUx + b g{ux, Ux)ux into above and compute by repeating 
integration by parts. Then we deduce 

d f 

-E{t) =(6X - 4C) g{VxUx, Ux)g{Vlux, JVxUx)dx 

- (2K + AB- AC) / g(VxUx, Vlux)g(ux, JVxUx)dx 

Jt 

- {2K - 2B) I g{ux, Vlux)g{ux, JVlux)dx 

Jt 

- {24A - 2CK) / g{ux, Ux)g{ux, VxUx)g{ux, JVxUx)dx 

Jt 

+ {-(4X + 6S)a + 206} / g{ux,Vlux)g{V xUx,Vlux)dx 

Jt 

+ {{AK - 6C)a + 106} / g{ux, VxUx)g{Vlux, Vlux)dx 

Jt 

+ {{36A + 2CK)a - 10C6} / g{ux, Ux)g{ux, VxUx)g{VxUx, VxUx)dx 

Jt 

+ {{24A-2CK)a + {-6B + 4C)b} [ {g{VxUx,Ux)f dx. 

Jt 

Since A — K'^/S, B — K, C — 3K/2 and b — aK/2, a simple computation shows 

d 



dt 



E{t) = - lQ{Ka - 2b) [ g{ux, Vlux)g{Vlux, VxUx)dx 

Jt 



:a-2b) I 
Jt 



- b{Ka - 2b) / g{ux, ^ xUx)9iy x'^x, V^Ux)dx 



15 f 
+ -^K{Ka - 2b) I g{ux, Ux)g{ux, VxUx)g{VxUx, VxUx)dx 
^ Jt 

=0, 

which completes the proof. □ 

Proof of Theorem 1.2. Letw G C([0, T); i7™+i(T; A^)) be the time-local solution of (1.1)-(1.2) 
which exists on the maximal time interval [0, T). If T = oo, Theorem 1.2 holds true. Thus we 
only need to consider the case T < oo. From Lemma 6.1, we know that 

hx{t)\\l2(j.TN) = ll'"0x||i2(T;TiV)> = E{uq). (6.2) 

Hence it follows that 

'2 



\^l'^x{t)\\l2(^j.TN) =E{uo) - — j^{g{ux{t),Ux{t))fdx 
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+ K I {g{Ux{t),W^Ux{t))fdx 

3K f 

+ 9iUxit),Ux{t))g{V:cUx{t),'^xUx{t))dx 
^E{uo) + C\K\\\Ux{t)\\loo(j.TN)\\'^xUx{t)\\'i2 (j.TN) ■ 

Note here the Sobolev inequaUty and the GagUardo-Nirenberg inequaUty of the form 

|ka;(*)|||oc(T;TiV) ^ C\\Ux{t)\\L2(j.TN){\\Ux{t)\\L2(T-TN) + xUx{t)\\L2{T,TN)) : (6.3) 

Q 1/2 1 /2 

II ^ x^x 

(6.4) 

hold. See e.g., [9, Lemma 1. 3. and 1. 4.]. From (6.2), (6.3) and (6.4), we deduce 

ll^x'"a:(^)||i2(T;rAf) 

^ E{uo) + C|i^|||Moa;||L2(Tr;TJV) 

X (^|koi||L2(T;TiV) + lkoa;|li2^(T;TAr) ll^x'^^(0 llL2^(T;TAr)) 

X ll'^^O^r ||L2(T;TAf) W'^lUxit) ||L2(T;TAr) 
^ C(iV, ||Mox||//2(T;TAr))(l + \\'^ltJ'x{t)\fj^2(j,TN))- 

Thus X = X{t) = \\Vlux{t)\\L2(T.TN) satisfies < ^(1 + X^/^), which implies 

sup \\VlUx{t)\\L-2(J-TN) < C{N,\\uox\\h^y-tn)) (6.5) 

te[o,T) 

for some C — C{N, \\uqx\\h'^{j-tn)) > 0. Interpolating (6.2) and (6.5) we have 

sup \\Ux{t)\\H'^(T-TN) ^ C{N, \\uqx\\h^{T-TN))- 

te[o,r) 

Since we obtain the if^(T; T'A^)-boundness of Ux, 

sup \\Ux{t)\\H-^{T;TN) ^ C{N, \\Uqx\\h^{T;TN)) 

t6[o,r) 

follows as in the proof of Theorem 1.1. Hence, for small < cr < T, there exists Tq > and 
a time-local solution ui of (1.1)-(1.2) on the time interval [0, Tq) with initial data mi(0, x) = 
u{T — a,x). From the uniform estimate of \\ux{t)\\H^(j-TN) on [0,T), we see Tq does not 
depend on a. Thus, by choosing a small enough, we have T — a + Tg > T. By the uniqueness 
theorem, we know Ui{t, x) = u{T — a + t,x) for any t E [0, Tq). Thus u can be extended to 
the time interval [0,T — a + Tq), which contradicts the maximality of T. □ 
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